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Abstract 


This  report  contains  the  proofs  of  the  uniqueness 
and  existence  theorems  for  an  electromagnetic  field  fc.ien 
the  normal  component  of  both  the  electric  and  magnetic  fields 
are  given  on  a  smooth  surface.  The  truth  of  the  above 
theorems  was  suggested  by  V.  Rumsey.  The  results  are  ob¬ 
tained  for  an  exterior  domain.  However,  the  same  method  can 
be  used  for  the  interior  problems.  Whereas  one  synthesizes 
an  electromagnetic  field  by  a  surface  current  when  either 
the  tangential  electric  or  magnetic  field  is  given,  we 
synthesize  our  electromagnetic  field  by  means  of  the  electric 
and  magnetic  surface  charges. 

We  also  show  that  solutions  to  Maxwell's  equations  can 
be  expressed  in  terms  of  solutions  to  a  second  order  partial 
differential  equation  in  certain  coordinate  systems  when  the 
parameters  £  and  ^  are  allowed  to  have  a  certain 
anisotropic  property.  This  result  represents  an  extension 
of  those  obtained  by  C.  MiHller  and  by  E.  Friedman. 
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Introduction 

This  report  will  be  concerned  with  some  boundary- 
value  problems  for  Maxwell's  equations;  in  particular, 
those  concerning  the  normal  component  of  the  eleccric 
and  magnetic  fields.  The  space  is  the  Euclidean  3- 
dimensional  space  and  the  boundary  will  he  a  simply 
connected  surface.  In  elect romagnetic  theory  explicit 
solutions  of  boundary- value  problems  are  krovm  only  in 
cases  where  some  components  of  the  electric  or  magnetic 
field  satisfy  a  second  order  partial  differential 
equation.  Excluding  some  specially  symmetric  boundary- 
value  problems,  only  in  the  caset,  when  the  surface  is 
a  sphere,  a  cylinder  (circular,  elliptic,  or  parabolic) 
or  a  plane  can  the  solutions  he  expressed  in  explicit 
forms.  In  all  these  cases  the  electromagnetic  field 
can  be  decomposed  into  "T.E. "  (transverse  electric)  and 
"T.M."  (transverse  magnetic)  fields  and  the  solutions 
are  synthesized  through  solutions  of  a  second  order 
partial  differential  equation,  i.e.,  the  Helmholtz's 
equation  (A  +  k:  )q>  ■  0.  General  separability  problems 
in  orthogonal  coordinates  have  been  investigated  by 

n 

Bromwich  [1919]}  Muller  [19^9]  and  Friedman  [1955]  and 
in  general  coordinates  by  Itch  [1959].  In  general,  it 
is  possible  to  use  the  Stratton-Chu  formula  [Stratton, 
p.466]  to  represent  the  solution  of  the  Maxwell's 
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equations  in  terms  of  surface  integrals  if  the  tangential 
components  of  the  electric  field  and  magnetic  field  are 
given  on  a  surface.  Existence  and  uniqueness  of  the  solution 
of  Maxwell's  equations  when  the  tangential  components  of 
either  the  electric  field  or  the  magnetic  field  are  given  on 
a  smooth  surface  is  known.  Proofs  of  these  results  have 

If 

been  given  by  Saunders  [1951]»  Muller  [1957]  and  recently 
by  Werner  [1962].  In  a  recent  paper,  Rumsey  [1959]  suggested 
that  the  electromagnetic  field  would  be  determined  uniquely 
when  the  normal  components  of  the  electric  and  magnetic  fields 
are  given  on  a  smooth  surface.  This  proposition  is  obviously 
true  in  the  cases  when  the  boundary  surfaces  are  infinite 
planes,  cylinders,  or  spheres ,  because  in  these  cases  the 
problem  reduces  to  that  of  uniqueness  and  existence  of  a 
scalar  boundary- value  problem. 

In  Chapter  I  we  shall  collect  some  known  formulas  of 
electromagnetic  theory.  In  particular,  the  Stratton-Chu 
representations  of  an  electromagnetic  field  are  recorded. 
Using  the  Stratton-Chu  formulas  we  can  prove  a  rather 
trivial  uniqueness  theorem  of  an  electromagnetic  field. 
However,  in  order  to  use  the  Stratton-Chu  representations 
to  calculate  an  electromagnetic  field,  one  would  have  to 
know  the  tangential  components  of  both  the  electric  and 
magnetic  fields  on  the  surface.  It  is  known  that  only  the 
tangential  electric  field  or  magnetic  field  is  sufficient  to 
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determine  an  electromagnetic  field  uniquely.  We  therefore 
cannot  prescribe  the  values  of  the  electric  and  magnetic 
fields  arbitrarily  on  a  boundary  and  expect  the  surface 
representations  to  satisfy  Maxwell's  equations.  By  the 
existence  theorem,  we  know  that  given  a  tangential  electric 
or  magnetic  field  on  a  surface,  there  exists  an  electro¬ 
magnetic  field  which  satisfies  the  Maxwell's  equations  and 
takes  on  the  appropriate  boundary  values.  Saunders  [1951] 
had  actually  shown  the  existence  of  the  "Green's  Matrix"  by 
means  of  which  one  can  calculate  the  electric  or  magnetic 
field  by  knowing  its  tangential  values  on  a  smooth  surface. 
The  Green's  matrix  cannot  be  explicit,  however.  But,  in 
special  cases  (and  important  cases)  when  the  boundary  con¬ 
ditions  call  for  the  vanishing  of  the  tangential  electric 
field  or  magnetic  field,  the  Stratton-Chu  representations 
can  be  used  directly  to  calculate  the  electric  or  magnetic 
field.  In  other  cases,  one  usually  tries  to  synthesize 
solutions  to  Maxwell's  equations  by  means  of  scalar  functions 
satisfying  a  partial  differential  equation. 

Chapter  II  is  devoted  to  the  synthesis  of  the  explicit 
solutions  to  Maxwell's  equations  in  terms  of  a  function 
satisfying  a  second  order  partial  differential  equation. 

The  possibility  of  expressing  solutions  to  Maxwell's 
equations  in  terms  of  scalar  functions  satisfying  a  second 
order  linear  partial  differential  equation  had  been 
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investigated  by  Bromwich  [1919J*  Muller  [  194-9]  >  Friedman 
[1955]  etc.,  in  the  case  of  orthogonal  coordinates.  Itoh 
[19593  has  investigated  the  possibility  by  means  of  tensor 
calculus  in  the  general  coordinates.  In  all  cases,  except 
Friedman,  the  £  and  p  are  assumed  to  be  constants. 
Bromwich  imposed  conditions  on  the  metric  elements  and 
showed  that  the  conditions  were  met  by  spherical  coordinates. 

ft 

Muller  showed  that  the  only  coordinate  systems  satisfying 
the  conditions  Imposed  by  Bromwich  were  rectangular,  cylin¬ 
drical,  and  spherical.  Itoh  treated  the  general  non- 
orthogonal  coordinate  system  and  arrived  at  the  same  con- 

tl 

elusion  as  Muller’s.  Friedman  has  investigated  the  case 
when  the  dielectric  constant  takes  on  different  constant 
values  in  different  orthogonal  coordinate  directions.  He 
also  imposed  the  Bromwich  conditions.  In  this  chapter, 
we  follow  the  work  of  Friedman  and  extend  the  results  of 

»  11 

Muller  and  show  that  the  conclusions  of  Muller  are  still 
true  when  two  of  the  coordinate  directions  are  not  mutually 
orthogonal  but  the  third  is  perpendicular  to  the  other  two. 

We  shall  express  the  solutions  to  Maxwell's  equations  in 
terms  of  solutions  of  a  second  order  differential  equation. 
The  present  results  can  be  used  in  the  case  of  electro¬ 
magnetic  wave  propagation  over  the  particular  anisotropic 
media. 

Chapter  III  is  devoted  to  the  proofs  of  two  uniqueness 
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theorems.  One  of  the  theorems  states  that  if  the  normal 
component  of  the  electric  and  magnetic  fields  vanish  on  a 
regular  surface,  and  if  the  electromagnetic  field  satisfies 
the  radiation  condition,  then  the  electromagnetic  field 
vanishes  identically  in  the  exterior  of  S.  This  uniqueness 
theorem  furnishes  a  proof  of  Rumsey's  assertion  that  the 
normal  component  of  the  electric  and  the  magnetic  fields 
determine  a  field,  if  there  exists  one,  uniquely  It  seems 
"unnatural"  to  prescribe  normal  components  of  the  electric 
and  the  magnetic  fields,  since  the  known  representation 
theorems,  such  as  the  Stretton-Chu  formulas,  call  for  known 
tangential  components.  However,  it  is  well  ki own  that  in 
the  electromagnetic  boundary-vslue  problems  involving  a 
spherical  surface,  the  most  fruitful  treatments  are  to 
"separate"  the  Maxwell's  equations  into  "T  E."  and  "T.M." 
modes,  as  was  done  in  Chapter  II.  The  boundary  values  for 
the  two  scalar  functions  are  closely  related  to  the  normal 
component  of  electric  and  magnetic  fields. 

Chapter  IV  will  contain  the  proof  of  the  existence 
theorem  for  the  case  when  the  normal  component  of  the 
electric  and  magnetic  fields  are  given  on  a  smooth  surface. 
We  shall  construct  an  existence  proof  by  means  of  a 
system  of  integral  equations.  The  proof  is  carried  out  for 
the  exterior  domain;  however,  the  method  can  be  used  for 
interior  problems.  Whereas  one  synthesizes  an  electro¬ 
magnetic  field  by  a  surface  current  when  either  the 
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tangential  electric  or  magnetic  field  is  given  on  a  surface, 
we  synthesize  our  electromagnetic  field  by  means  of  the 
electric  and  magnetic  surface  charges.  The  starting 
formulas  are  the  Stratton-Chu  formulas.  Using  the  given 
boundary  values  on  the  normal  component  of  the  electric 
and  magnetic  fields,  we  form  a  system  of  two  Fredholm 
integral  equations,  the  solutions  of  which  give  us  the 
desired  surface  charges.  Using  the  known  charges,  we 
can  derive  the  surface  currents.  We  then  use  these 
charges  and  currents  in  the  Stratton-Chu  representations 
for  our  electric  and  magnetic  fields. 


1.1 


I. 

A.  Maxwell's  Equations 

The  mathematical  theory  of  electromagentics  consists 
of  the  study  of  the  four  vectors  $,  it,  and  it  satis¬ 
fying  the  Maxwell's  equations; 


Vx£ 

u  Q 

(la) 

o 

1 

■to 

• 

> 

(lc) 

Vxi?  - 

5$  ■* 

'  3t  " 

(lb) 

7-S  -  p. 

m 

together  with 

3  -  £$  and  £  -  nit, 

where  £  is  the  electric  intensity,  it  the  magnetic 
intensity,  5  the  electric  displacement  and  it  the 
magnetic  induction.  J  is  the  volume  current  density  and 
p  is  the  volume  charge  density.  £  is  called  the  electric 
inductive  capacity  and  p  the  magnetic  inductive  capacity. 

£  and  p  are  in  general  tensor  functions  of  position. 
However,  in  many  important  applications,  p  and  £  are 
constants.  The  ratio  of  £  in  a  medium  to  that  of  free 
space  is  sometimes  referred  to  as  dielectric  constant  and 
denoted  also  by  •’  £  . 

The  most  important  and  understood  case  of  the  Maxwell's 
equation  is  that  when  the  variation  with  respect  to  time 

_ia>t 

t  enters  as  e  ,  where  ay.  is  a  constant  called 
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circular  frequency.  In  this  case  the  Maxwell's  equations 
become 

Txl  -  JWnif  -  o  ,  (2a)  V*i  -  o  .  (2c) 

VXlt  +  icjCl  -  (2b)  V*D  -  p,  (2d) 

if  we  let  2,  5  etc.  to  represent  the  time  independent 
parts  of  the  quantities  in  the  Maxwell's  equations  (la)  - 
(Id).  Except  in  Chapter  II  we  shall  take  £  ,[l  and  co 
to  be  constants. 

The  interesting  and  difficult  problems  of  electro¬ 
magnetic  theory  are  the  boundary- value  problems  in  which 
"scattering"  objects  are  present  in  the  otherwise  homo¬ 
geneous,  isotropic  medium.  In  such  cases  one  synthesizes 
the  solutions  to  (2)  by  adding  to  a  particular  solution 
of  (2)  the  solutions  with  2  «■  o.  This  requires  finding 
a  solution  of: 

7x2  -  fccuif  ■  o  .  (5a) 

Vxit  +  lo)c2  -  o.  (5b) 

with  prescribed  boundary  values.  When  the  region  con¬ 
sidered  extends  to  Infinity,  it  is  necessary,  for  both 
physical  as  well  as  mathematical  reasons,  to  Introduce  a 
condition  regarding  the  behavior  of  the  solution  at  in¬ 
finity.  Assuming  differentiability  and  that  £  ,  ix, 
and  cu  are  constants,  we  can  derive  from  (5a)  and  (5b) 
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the  equations 


where 


?x7xl-  k2E  -  o  , 

(4a) 

7  x  7  x  it  -  k2ft  -  o, 

(4b) 

2  2 
k  »fl)  e|i  . 


Prom 
Using  the 


(4a)  and  (4b),  we  get 
# 

vector  identity 


v-if 


o. 


we  get 


7  x  V  x  ?  -  V(V?)  -  fii*. 

(A  +  k2)i£  -  o  %  (6a) 

(A  +  k2)5  -  o .  (6b) 


One  can  see  that  each  of  the  rectangular  components  of  the 
electric  field  and  the  magnetic  field  5  satisfies 
the  scalar  "wave"  equation 

(A  +  k2)cp  ■  o.  (7) 


Therefore,  many  properties  of  the  solutions  to  the 
Maxwell's  equations  can  be  derived  from  those  of  the 
solutions  to  the  scalar  wave  equation.  In  the  next 
section,  we  shall  collect  some  formulas  which  will  be  of 
use  for  the  later  chapters.  Proofs  for  many  of  them  can 
be  found  in  the  standard  text  by  Stratton  (1941]  and  in 

*  A  is  the  Laplacian  differential  operator 
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a  recent  book  by  Muller  [1957].  Therefore  we  omit  many 
and  Just  sketch  some  of  them. 

B. 

Radiation  Conditions  and  Representations 

In  this  section,  we  shall  use  the  terms  regular 
cur\  s,  regular  surfaces,  and  regular  regions.  Their 
definitions  can  be  found  in  Kellogg  [1929;  Chap  IV 

It 

sections  8  and  9]  or  in  Muller  [1957, p. 20].  We  shallneed 
Definition  1.  A  complex  function  9  in  (3- 

dimensional  euclidean  space)  is  said  to  satisfy  the 
Sommerfeld  radiation  condition  if 

11m  r||8  -  ik9|  -  o  lim  |  q>  J  -  oik) 

r->®  or  r->oo  ■ 

uniformly  with  respect  to  directions. 

A  similar  radiation  condition  for  the  electro- 

If 

magnetic  field  in  unbounded  medium  i3  the  Silver-Muller 
radiation  condition. 

Definition  2.  An  electromagnetic  field  in  E^  is  said 

If 

to  satisfy  the  vector  radiation  condition  (Silver-Muller) 
if 

lim  r|?  x  7  x  I  j  ikff  -  o  and  lim  |£|  -  0(-^) 
r-*»  i^x»  r 

or 
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11m  r|r  x  V  x  it  +  ikif|  -  o  and  11m  |it|  -  0(|), 
r-K»  r-*» 

where  r  Is  the  distance  from  a  fixed  point  chosen  as  the 
origin  and  r  is  the  unit  radial  vector.  \t\  -tit’t  , 
where  *  denotes  complex  conjugate. 

Remark:  The  conditions  lim  Jcp|  ■  0(~j)  and 

r-x»  1 


lim  |£|  -  0(i)  or  lim  |5t|  -  0(-~)  can  be  dropped. 

r-*»  r  r+<»  r 

Proofs  of  these  can  be  found  in  Wilcox  [1956,1957]. 

The  following  representation  theorems  are  well 
known. 

Theorem  la.  Let  Q  be  a  finite,  regular  region  and  S 

p 

its  boundary;  let  q>€  C  (G)  be  a  solution  to 

2 

A<p  +  k  9  -  o 
and  cp  e  c1  (8)*, 

then  for  x  e  G,  we  have 


.  -v  ik|x-y|  aik|x-y|  ^  ** 

<P(*)  -  W~q  f^W~ '•  ‘  ?fx-yT'""  ">(y)  1  ®sr  • 

where  n  la  the  exterior  unit  surface  normal,  and 
iB  the  differentiation  along  the  exterior  normal. 


*  3  is  the  closure  of  G;  it  is  the  region  G  plus  its 

boundary.  Ck(G)  is  the  space  of  functions  whose 
derivatives  up  to  and  including  kth  order  are  con¬ 
tinuous. 

**  We  denote  x  ■  x  -  (x  ,x  ,ar  )2  as  the,point  having 
rectangular  coordinates  x  ,x  ,  and  xp  respectively. 
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Por  point  x  t  G  we  have 
Theorem  ife.  Let 

l)  G  be  a  regular  region,  S  its  boundary 

2 

and  «p  a  solution  to  (A+k  )<p  -  o. 
ii)  cp  is  of  class  C1  in  the  closure  of  the 
exterior  of  G. 

ill)  9  satisfy  the  Sommerfeld  radiation  condition. 
Then  for  x  i  5 


ik|x-y 


Ti r 


ik|x-y | 

1x=y|“ 


I 


where  n  is  the  surface  normal  pointing  into  G. 

The  vector  analog  of  the  above  two  representation  theorems 
are 

Theorem  2a  [Muller  p.154].  Let  ft  and  ft  be  of  C2(G) 
in  a  finite  regular  region  G  enclosed  by  a  regular  sur¬ 
face  S.  ft, ft  €  C1(5)  and  satisfy  the  Maxwell's 
equations 

V  x  ft  -  iujpft  -  o, 


V  x  ft  +  ixufft  m  o. 


then  for  x  e  G 


/  Ui4t(n  x  ft)  4>  +  (n  x  ft) 

s 


x7«+  (n-ft)  V®]  dS  , 


ft(x)  "  hr  /  [i<u£(n  x  ft)4>  -(n  x  ft)  x  V<J>  -  (n*ft)V$/dS  , 
^  ci  y 
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and  ft  is  the  exterior  surface  normal 

be  a  finite,  regular  region.  Let  ft 
and  satisfy  the  Maxwell's  equation  in  Theorem  2a  in  the 
exterior  of  0.  If  ft  and  ft  satisfy  the  vector  radiation 
condition,  then  for  x  in  the  exterior  of  S,  the  formulas 
in  Theorem  2a  hold  if  we  replace  the  exterior  normal  by  an 
interior  unit  normal  (pointing  into  0) . 

Theorems  1  and  2  give  representations  of  the  solutions  to 
the  scalar  wave  equation  and  the  Maxwell's  equations  in 
terms  of  their  boundary  data.  These  representations  furnish 
a  means  of  constructing  solutions  to  the  appropriate 
equation  when  the  boundary  data  are  given. 

ft 

Theorem  (Muller  p.156].  Let  S  be  a  regular  surface 
element  which  is  bounded  by  a  regular  curve  c.  Suppose 
v  is  a  continuously  differentiable  surface  field,  then 

/  7  *v  ds  -  /  v*n  dl, 

3  c 

where  V  •  Is  the  surface  divergence  operator,  nQ  is  a 
unit  surface  tangential  vector  which  is  normal  to  c  and 
points  away  from  S.  Using  Theorem  3  and  the  Maxwell's 

•I 

equations,  Muller  showed  that 

vit  -  lYo  -  0  , 

V*'  -  lmft  *  °* 


where  &  ■ 


5ik|x-y  | 
|x-y| 


to  the  surface  S. 
Theorem  2b.  Let  0 
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where  it  -  -n  x  it ,  it'  ■  nx  I , 

f0'  -n(n4). 

We  can  therefore  write  the  representations  for  it  and  5 
as 

£(x)  -  ^  -  it'  x  V4>  +  if0V®]  dsyJ  (8a) 

s  ^ 

it(x)  -  [iofit'*  +  it  x  V®  +  jjf*  v4>]  dsy ,  (8b) 

s 


where 


v  -if  -  to?.  ,  v-it  -  to,<* . 


conversely,  it  can  be  shown  [Muller  pp, 210-212]  that  if 
it,(?0,it'  and  are  given  by  the  above  relations  the 

surface  integrals  represent  an  electromagnetic  field;  that 
is,  satisfy  the  Maxwell's  equations  for  points  not  on  S. 
These  representations  of  $  and  it  in  terms  of  the  bound¬ 
ary  values  are  known  as  the  Stratton-Chu  representations. 

In  Chapter  IV,  we  shall  use  the  Stratton-Chu  formula  to 
construct  an  electromagnetic  field  when  the  normal  component 
of  the  electric  and  the  magnetic  field  are  given  on  a 
smooth  surface. 


The  above  representations  give  the  following  two 
trivial  uniqueness  theorems. 

Theorem  4.  Let  ?  satisfy  the  equation 

(A  +  k^)<p  -  o 

H*  We  use  it  and  it'  in  conformity  with  Stratton; 
Mdller  used  j  and  j'. 
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in  the  whole  space,  and  let  <p  satisfy  the  radiation  con¬ 
dition 

lim  r  |^2  -  ik<p|  -  o,  |r9|<  c  , 

r+eo 

Then  <P  ■  0. 

Proof:  We  can  use  the  representation  in  Theorem  la  for 
<P,  where  we  can  take  x  «■  o  and  S  being  a  spherical 
surface.  The  radiation  condition  will  insure  the  vanishing 
of  the  surface  integral  when  the  radius  of  the  sphere  goes 
to  infinity.  Hence  we  get  cp(x)  -  <p(o)  «  0.  Since  x  is 
an  arbitrary  point,  we  conclude  that  <p(x)  &  o  over  the 
whole  space. 

Remark:  This  Theorem  is  the  analog  to  the  statement  that 
the  only  regular  potential  function  over  the  whole  space 
is  a  constant. 

Theorem  5..  If  it  and  it  satisfy  the  Maxwell's  equations 

V  x  I  -  io$dt  «  o, 

V  X  it  +  ia*$  m  o, 

over  the  whole  space  and  the  radiation  condition 
lim  r|r  x  V  x  J  -  lkt|  -  o,  |rf|<  c,  and  r|it|<  c, 

r*« 

then  $  -it  *o. 

Proof:  We  take  the  representations  for  the  it  and  it  as 
in  Theorem  2a.  Take  x  «  o  and  S  a  spherical  surface  of 
radius  R. 
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then 


[i^(r  x  3)*  +  (9x1)  x  7$  +  (n't)  V*] 

ft*®0 

n iyr  X  H  +  iKt]  -  *  f  -  o(\)  , 


where  <J>  -  — 


lkR 


Hence  the  surface  integral  for  the  electric  field  is  zero 
as  Rr*«*  .  Similarly  is  zero. 


2.1 


II 

Representation  of  Solutions  to  Maxwell's  Equations  In 
Terms  of  Scalar  Potentials  In  a  Nonhomogene ous  Medium 


This  chapter  Is  devoted  to  the  synthesis  of  solutions 
to  Maxwell's  equations  In  certain  coordinate  systems  and 
for  an  anisotropic  dielectric  constant  £  .  We  shall  assume 
constant  and  £  to  be  a  function  of  position  and  aniso¬ 
tropic  as  prescribed  in  Theorem  la. 

We  shall  employ  the  differential  geometrical  quan¬ 
tities  as  used  in  Stratton  [1941  Chapter  I].  Specifically, 
12  5 

we  let  u+,  u  ,  and  u^  be  parameters.  We  shall  denote 
a  space  point  by 

r  -  r(u1,u2,u^)  ,  (1) 

*1  -  a±  -  ~i  ,  1  -  1,2,5  (2) 

ou 

and  assume  that  a^,  ag  and  a^  are  linearly  independent. 

We  also  define 

slj  "  and  6  "  det  giJ  j  (?) 

a1  "Vg  x  a5>'  ^  “Vg^a5  x  al^'  a<  *Vg(ai  x  «2)>  (4) 

g  can  also  be  expressed  in 

■+  .•*  •¥  > 

-  ax  •  (a2  x  a?)  . 

Since  a^^  ,  i  -  1,2,5  are  assumed  to  be  linearly 
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independent,  g  is  not  zero.  From  the  definition  of 
a1,  we  have: 


•P 


i  f  J 
i  »  J 


(5) 


Any  space  vector  can  be  expressed  as 
$  .  f  -  f1^  , 


(6) 


where 

Introducing 


such  that 


we  can  express 


*  -  6k  , 
giJg  i  ’ 


in  terms  of  f" 


as  follows 


fj.  "  *jifl  >  fi  -  giJf  j  •  (7) 

The  f1  and  f j  in  (6)  are  the  contravariant  and  the 
covariant  components  of  the  vector  ?  respectively.  In 
terms  of  the  above  notations,  we  shall  name: 

Theorem  lfl,  Let  2  -  e1^  -  e^  and  it  «  -  h^a^ 

denote  the  electric  and  magnetic  fields.  Let  j*-  -  constant 
and  t  be  such  that 

-  4eA  +  4e2*2  + 


■  "  <- — - -  • 

*  We  follow  the  summation  convention  and  write 
a'H)^  *  t-  a^g  +  a^b^ 


2.3 


Let  ®35  ™  **  ®23  **  ®  » 

®12  ®12  3 

— =—  and  77=—  be  independent  of  u'  , 

gll  g22 


^  £1  -  f2  "  ^  (u^)jthen  a  possible  T.S.  electromagnetic 

field  is  given  by 


e3  "  °i 

where  9  is  a  solution  to  the  following  equation 


4  !&?■  +  k,W{s7iyr  g22^+/s  *12  5- 

if2  *  -o, 


where  k2  -  <x£/i  £" , 

In  curvilinear  coordinates  the  curl  of  a  vector  $ 
can  be  expressed  as  [Stratton  p.47] 


Using  (7a)  we  can  express  Maxwell's  equations  in  the 
medium  satisfying  the  conditions  in  Theorem  la  as 


k  -  V-1 , 

(8a) 

-  v-8 . 

(8b) 

deg  3e1 

5?  -  , 

(8c) 

7T[i^  ■  a?1  '_1  tf*1’ 

(9a) 

(9b) 

isd 

Let  us  assume  -  o  , 

(10) 

from  (^c)  we  get 


■  o 


(ID 


dhg  dh3 

5?  "3? 

If  we  assume  that  all  components  have  continuous  first 
derivatives,  (11)  implies  that  there  exists  a  function  <p 
having  second  continuous  derivatives  such  that 
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u_l  d  9  w  _  1  d^<P 

hl  ^  i^r  •  "a  -  ^537-  • 

Using  (6)  we  can  write 


^i-K 

i?  "  Su‘ 


du^  du' 


(12) 


(13) 


By  the  assumptions  of  the  Theorem  and  e^  »  0} we  have  [fron. 
(8a)  and  (8b)] 

(g2lel  +  g22e2^  “  V^S11*1!  +  to^gl2h2  ,  (14a) 

■■  ^gllel  +  gl2e2^  "  g22hg  ,  (l4b) 

Using  (12)  and  the  assumptions  on  the  metric  coefficients 

# 

giJ  J  we  can  lnte8rate  (14a)  and  (l4b)  to  get 


iay< 

"f 

d? 

S?  ’ 

(15a) 

-iay< 

df 

5?  • 

(15b) 

*We  note  that 

I  g22g53  • 

"g  s21g33  * 


g11  "  ®1’®1  "  gl^2  x  ^jl2  "  g  (g22g33_g23^  " 

s12  {(V*3>(VSi>  -  (V*iMV*3>}- 

22  l 

8  "g  glls33* 
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Prom  (15a)  and  (15b)  we  get 


Sif-P  • 


02  . 


el  -  gj!*1  -  to/  {gn  -  S12 

e2  -  ®2ie*  *  ltB/<  [«21  ^  *  ®22 


Substituting  (l6a)  and  (16b)  into  (8c)  and  using 

11  1 

g  -  g  S22g33  3 
g12  "  '  g  g21g33  j 


(16a) 


(16b) 


22  1 

g  "  g  gllg33 


we  get 


i/^oh5  -  +  Vi  B11  UiV 

S’}-0” 


Prom  (9a)  we  get 

] . 

V*  du  du^ 


]  -  -ii.  cue1  -  k2 


#  i7’k  -  ^£-  tl8) 


On  the  assumption  that  g^  depends  only  on  u^, 

2 

be  integrated  with  respect  to  u  to  yield 


(18)  can 

(19) 


One  can  see  from  (19) ,  (12)  and  (15b)  that  (9b)  is  satisfied. 
Prom  (17) ,  (19)  and  the  relation  h^  -  we  obtain  the 
differential  equation  satisfied  by  <p , 
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+k%  +  !  + 
s33  •*  (au2  au2  au1 

A^gl2^+^8n^T]]  -  o,  k2  -  co2A£  .  (20) 

Sux  du  du  ' 

The  assertion  of  Theorem  la  is  expressed  in  (12),  (19)*  (l6a), 
(l6b) ,  (10)  and  (20). 

Entirely  similar  to  the  proof  of  Theorem  la,  we  have 
Theorem  lb.  If  the  conditions  of  Theorem  la  are  satisfied, 
if  in  addition,  m  ^2  "  £  "  const.,  -  £j(u  ,u  ,u^), 

a  possible  T.M.  wave  is  given  by: 

1  d2* 


Sl  ^33  avPdu1 
i  a2* 

62  m*5  5S?  ' 


>,  -  *i-[  +  k2g«  *3  > 

5  VS35  (du3)2  55 


*ico£ 


( a* 


a* 


U?  811 "  812  au 


}• 


“a  ~J‘o£F?  (i7  «21  '  g22 


hj  a  0, 

where  t  Is  a  solution  of 
2 


a2? 


"33  au-’au5  c  3 

+  ti/r  g12  +  vr s11  tt  i}-  o-  (ai) 

au  au  au  J 

Remark:  If  6^  -  <f2  -  £  (u^),  we  can  still  reduce  the 
finding  of  a  T.M.  wave  to  the  equivalent  problem  as  specified 
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In  Theorem  la. 

If  we  try  to  express  the  results  of  Theorems  la  and 

# 

lb  in  orthogonal  coordinates,  we  introduce  [Assume  w  1] 
^2  m  h3  "  |/®33  m 

/§  -  ^hghj,  f1  -  £  P1,  f1  -  h^,  g11  -  ,  (no  sum) 

i  h. 


enr*-!p.  « 

nl 


22  /g  -  ^2, 


g 


ik 


g±k  -  o,  if  k 


2 

and  we  obtain 

Theorem  2g.  If  the  conditions  of  Theorem  la  are  satisfied, 

i.G.j 

i)  £i  -  fcg  -  6(u5),  -  ^(u1,!*2,^),  fL  -  const, 

ii)  h3  *  1#  independent  of  u'', 

iii)  Ej  e  o, 

we  have  a  possible  solution  to  the  Maxwell's  equations  given 
by 

H1  -  T~  -i  1  ;  H2  -i-  ?  ;  H,  -  ,  +  k2q> 

1  "l  du-^u1  ^  <?  du^Su  5  du^du5 

E1  “  ^  k  Su*  *2  i?;  E5  6  °5 


where  9  satisfies  the  following  equation 


fe?*** 


i  ,  a  ,**2  d9  n  ,  3  ri  ^7.  0 

^5  ‘3?  (*I  5?’  3?  (Ri  ^)J  °- 


&9 


Theorem  2b.  If  the  conditions  of  Theorem  lb  are  satisfied. 


*The  hj  *  s  here  are  metric  coefficients  and  not  components 
•of  the  Magnetic  field. 
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a  possible  electromagnetic  field  is  given  as  follows: 


1  d2* 


1  b2f 


*iS7i?'  *2  "*2  575? 


+  k2*; 


H1  -1«*  i  ^  H2  -  la*  i  I1!  >  H3  =  °S 


*1  duJ 


where  f  satisfies 


d2*  .  i-2,i,  £  1  f  d  ,h2  d*  N  .  d  ,hl  M  n  i  _  _ 

5757  +  k  *  i?’ +i7(^i7”  ’ 

where  k2  -  u?£A. 

In  both  Theorems  2a  and  2b,  the  electric  and  magnetic  fields 
are  expressed  as 

t  -  Eiei  +  Eg*,  +  E3e3  , 

«♦  A  A  A 

H  ■  4*  ^  H3ej  i 

where  'e.  »  — .  /|^r|  • 

1  du1  du1 

We  would  like  to  discuss  the  geometric  significance 
of  the  assumptions  in  Theorem  la  on  the  metric  coefficients 

gjj.  The  assumption  g^  -  o}  l±-3,  implies  that  the 

3  12 

"u  -axis"  is  perpendicular  to  the  u -u  "plane". 

To  analyze  the  significance  of  the  assumptions  that 

833  "  833 (u^) ? 

812  811  ■* 

•= —  and  - —  are  independent  of  u  , 

8n  S22 

tt 

we  follow  exactly  the  same  treatment  by  Muller  [  ] 

in  the  case  when  g12  ■  o;  we  arrive  at  the  following  two 
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possible  cases. 

i)  The  "u^-axis"  (i.e.  the  direction  of  ^£*)  is 

du*7 

perpendicular  to  a  family  of  concentric  spherics?  surface. 
This  gives  rise  to  a  spherical  coordinate  system, 
ii)  The  u^-axis  is  perpendicular  to  a  family  of  parallel 
planes.  This  gives  rise  to  the  rectangular  coordinate 
system  or  the  cylindrical  system  with  the  z-axis  being  the 
u  -axis. 

Remark:  We  also  note  that  spherical  coordinate  system  can 
be  used  to  solve  boundary-value  problems  in  which  the 
boundary  is  a  circular  cone;  the  base  of  which  is  a  part 
of  the  spherical  surface  with  center  at  the  vertex. 

Theorems  la*  lb,  2a  and  2b  state  the  sufficient  con¬ 
ditions  that  a  T.E.  (no  e^)  or  a  T.M.  (no  h^)  electro¬ 
magnetic  field  exists.  If  the  conditions  are  satisfied, 
the  T.M.  and  T.E.  electromagnetic  fields  will  exist  inde¬ 
pendent  of  each  other.  Therefore  we  must  prove  that  an 
electromagnetic  field  has  unique  T.E.  and  T.M.  decomposition. 
The  unique  decomposition  theorem  is  not  known  except  in  the 
special  case  when  £  and  are  constants  [see  Wilcox 
(1957)].  However,  If  Aj  - /2  ■ ^(r),  £(r) > 

then  equation  (20)  takes  the  following  form  in  spherical 
coordinates 


d2$ 

dr2 


+  k2<t>  + 

r 


1 

sinG 


-^(sme 


di\ 

3S' 


i 

- ?  - >TT  • 

Sin  ed? 


0 
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2 

Given  E„  -  ^-3  +  k2<t>  at  r  ■  a,  we  can  solve  for  * 
r  dr 

[see  Chapter  IV]  over  th-:  whole  spherical  surface  if 
/ErdS  «  o.  If  we  now  let  $  -  rtf,  we  see  that 


(A  +  k2)tf  -  o  . 

Hence  if  we  restrict  ourselves  to  a  certain  class  of 

k  we  can  solve  tf  in  the  exterior  of  a  spherical 

surface  when  tf  is  prescribed  on  the  surface.  Results  of 

this  nature  can  be  obtained  by  means  of  the  Glen's  function 

2 

shown  to  exist  by  P.  Odeh  (i960)  for  a  certain  class  of  k  . 

We  have  shown  in  Theorems  1  and  2  the  sufficient  con¬ 
ditions  that  one  can  construct  a  solution  to  the  Maxwell's 

equation  by  means  of  solutions  to  the  scalar  wave  equation 
P  ^ 

with  variable  k  depending  on  vr  alone  (this  can  be  done 
by  rescaling  of  the  u^  coordinate).  In  this  section  we 
give  a  necessity  argument.  This  argument  can  only  be  re¬ 
garded  as  heuristic  instead  of  a  rigorous  proof.  We  shall 
"prove"  that  when  8 1  and  satisfy  conditions  assumed 

in  Theorems  1  and  2, we  can  have  T.E.  or  T.M.  wave  only  if 
the  metric  coefficients  satisfy  the  conditions  there. 

Specif ically,  we  shall  show 

Theorem  if  -  4  ■  £(u3) ,  A  "  A  "  /<(u5), 

A  -  A  (u?)>  /*5“A(u?) 

and  if  g1?  -  g25  -  0, 
we  can  have  T.E.  or  T.M.  wave  only  if 
i)  Zjj  depends  only  on  u^* 
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T  1  _  I  o  OO  ■* 

ii)  g  ,  /g  gA' ,  and  yg  g  ,  depend  on  u-3  in  such 
a  way  that  the  dependence  enters  as  a  product  with  a  function 
of  u3. 

[These  are  equivalent  to  the  conditions  in  Theorem  la] 

Let  us  assume  e^  *  o.  Prom  V*i$  ■  o  (source  free)1 
we  get 

o  ■  yg)  +  ~^(<^2e2v€)  +  -^*(£3 e^\fs)  ?  •  (22) 

'•du  du  ‘  du^  v 

But  £  m  m  <f(u^),  hence 


r\(el|g)  +  -^(e2y/g)  -  o 
du  du 


(23)  implies  that  there  exists  a  9  such  that 
1 

- 

du" 


2  d<p 

e  yg  -  ~t  • 

du 

Prom  (8a]  and  (8b)  « 

&  ■«  i?  l8liel  +  8l2eZ> ’ 

"JS  ’  ■*  5?(g2lel  +  g22®2)  • 


Prom  (9c)  , 


(23) 

(24) 

(25) 

(26) 
(27) 


i^T  ^ih1  +  g22  h2]  -  Acgj-jh1  +  g12h2) .  (28) 

OU 

We  substitute  (24)  and  (25)  into  (26)  and  (27)  and  then 
(26)  and  (27)  into  (28).  Since  9  is  quite  arbitrary, we 
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equate  the  coefficients  of  various  derivatives  of  9  in 

(2®)  j  then  we  get  the  following  results; 
i)  Equating  the  coefficients  of  <Pj2>we  get 


(sM  -  o- 

g33  1 

ii)  Equating  the  coefficients  of  <P^1,we  get 

kM  -  O. 
g33  2 

iii)  Equating  the  coefficients  of  q>22  *  we 

„  ,®21,  ,  ,*11,  *112/*21, 
"^i(*ii  5  '“Vj  *u  j 

iv)  Equating  coefficients  of  9^.  ,  we  get 

(5f  >  -  o. 
g 22  3  - 

v)  Equating  the  coefficients  of  <P21  %  we  get 

yg(s22 (811)3  -  8h(822^3^  "  0  or 
gll 

(g^)5  -  o,  since  g22fo  . 

vi)  Equating  the  coefficients  of  92  •>  we  get 

{^822(-jr)3  "  («2l)(-^  )3]}l  *  0  * 
vil)  Equating  the  coefficients  q>1 ,  we  get 

{«  ^ll^TF^  '  g12^)3]i2  "°* 


(29a) 


(29b) 


(29c) 


(29d) 


(29e) 


(29f) 


(29b) 


*  «  d2<p  „  d<p 

VTiPi?  Vi? 
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(29a)  and  (29b)  Imply  g ^  depends  only  on 

Son  3 

(29c)  implies  that  =  -  -  *rjry  is  independent  of  vr  j 

810  -12  1 

(29d)  implies  that  is  independent  of  u^; 

2§ 

(29e)  implies  that  S11  ■  s  is  independent  of  j 

622  *  g^" 


(29a)  -  (29e)  are  consistent  and  imply  that 


gll  "  fll(ul»u2)  °(u3) > 

(30a) 

g^2  ™  ^*12 )  O(u^)  ^ 

(30b) 

822  "  ^22 )  ®(u^)  j 

(30c) 

833  “  g^(u^)  . 

(30d) 

Hence 

P  1/2 

^8  m  tS-jj  ^^11^*22  “  ^12^  j 

(31) 

consequently, we  see  that  (29f)  and  (29g)  are  satisfied. 
Equations  (30a)-  (30d),  are  the  equivalent  statements  of 
the  theorem. 
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III 

Uniqueness  Theorems  for  Maxwell's  Equations 
if  Normal  Component  of  the  Electric  and 
Magnetic  Fields  are  Prescribed. 

We  shall  devote  this  chapter  to  the  proofs  of  two 
uniqueness  theorems  concerning  the  solutions  of  Maxwell's 
equations  if  the  normal  component  of  the  electric  and 
magnetic  fields  are  prescribed  on  a  surface.  Specifically, 
we  shall  establish 

Theorem  1.  Let  S  be  a  closed  regular  surface;  let  5  and 
it  satisfy 

V  x  2  -  loop.  it  -  0 
v  x  it  +  lcof  it  -  o 

in  the  exterior  and  on  S.  Here,  p  and  to  are  taken 
to  be  positively  real  and  £  can  be  positively  real 
or  £  -  £  +  i£^  with  £0,  >  0.  Let  it  and 

it  be  piecewise  continuously  differentiable  on  the 
regular  points  of  S  and  in  the  exterior  of  S.  If 
ivit  ■  n*i£  -  0 

on  the  regular  points  of  S  and  if  the  vector  radiation 
condition 

lim  r|r  x  V  x  it  +  ikE|  -  0  ,  lim  r|i£|  £  c 

r+oo  r-*co 

is  satisfied,  then 

it  -  it  *  0  in  the  exterior  of  S. 
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Let  S  be  a  smooth  closed  surface  which  encloses 
a  simply  connected  region.  Near  the  surface,  we  can  intro¬ 
duce  a  set  of  local  coordinates  such  that  u^  is  a  parameter 

characterizing  the  distance  along  the  exterior  surface 
1  2 

normal.  Let  u  and  u  be  parameters  characterizing 

points  on  the  surface  S.  Let  us  write  a  point  in  space  as 

^(u^u2,^)  -  xfu^u2)  +  v?  n,  where  x  is  a  point  of  the 

1  2 

surface.  The  curves  u  and  u  can  be  chosen  so  that  the 
curves  for  constant  u^  form  an  orthogonal  coordinate 
system.  Let  h^,  hg,  and  h^  be  the  metric  elements  as 
introduced  in  Theorem  2a  of  Chapter  II.  We  can  prove 

p 

Theorem  2.  Let  S  be  a  closed  surface  of  class  C  which 
encloses  a  simply  connected  region.  Let  it  and  it 
be  solutions  to  Maxwell's  equations  in  the  exterior 
and  on  S.  Let  H,  ■  -  it*n  -o  and 

a  3 

— ^(h^hgE-j)  *o  on  S.  Let  the  vector  radiation 

condition  be  satisfied.  Then  2  -  2  -o  on  and  in 
the  exterior  of  S. 

Remark:  The  conditions  for  2  and  2  can  be  interchanged. 
Theorem  1  asserts  that  in  the  exterior  problem  there  is  only 
one  electromagnetic  field  with  the  prescribed  normal  com¬ 
ponent  of  the  electric  and  magnetic  field* on  a  surface.  In 
the  interior  problem,  the  assertion  is  not  true  because  of 
the  possibility  that  "mode"  solutions  may  exist.  However, 
if  we  assume  that  I-,  £  >  0,  Lemma  2  below  will  assure  that 
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there  is  no  non-trivial  interior  field.  The  proof  of 
theorem  1  is  based  on  a  new  vector  identity,  while  the 
proof  of  theorem  2  is  based  on  the  maximum  principle 
theorem  for  solutions  of  an  elliptic  partial  differential 
equation,  a  result  due  to  E.  Hopf  [see  Hellwig  p.86].  We 
shall  first  state  a  few  lemmas. 

Lemma  1  [Rellich  (19^3)].  Let  <p  be  a  solution  of 
(A  +  k2)u  -  0  k  >  0 

for  r  >  Ft  with  R  fixed, 

then  there  exists  a  positive  number  P  such  that 
for  all  large  enough  R,  the  following  inequality 
holds: 

J  |u|2  dv  ^  P  R 

R_  <  R,  <  r  <  R 
o  1 

Corollary:  Let  $  and  it  be  solutions  to  the  Maxwell's 

equations 

V  x  1  -  icqiit  -  0 

V  x  3  +  iu>£jt  -  0 
for  r  >  R„  with  R^  fixed. 

Then  there  exists  a  positive  number  P  such  that 
for  all  large  enough  R,  the  following  inequality 
holds: 

/  |£|2  dv  >,  P  R 

R  <  R,  <  r  <  R 
o  1 

The  truth  of  this  corollary  follows  from  the  fact  that  each 
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rectangular  component  of  the  electric  and  magnetic  field 
satisfies  the  scalar  wave  equation. 

Lemma  2.  Let  the  surface  S,  the  electric  field  $,  and 

the  magnetic  field  it  satisfy  the  conditions  in 

Theorem  1.  Then  if 

/  n*  (£*  x  it)  ds  ■  o, 

S 

we  must  have 

2  -  it  ■  o  in  the  exterior  of  S. 

It 

Proof:  [Muller  p.284] 

i)  Suppose  <d,u  >o,  £  ■  £q  +  i  with  £ Q,  >  o. 

Using  the  divergence  theorem.  Maxwell's  equations, 
the  radiation  conditions  and  the  condition  of  the 
lemma,  we  get 

/  [io>£  |£|2  -  iu*i|it|2]  dv  -^r,  /  |£|2  ds  +  o(l) 

D_  r  «R 

R 

where  *  denotes  complex  conjugate  and  DR  is  the 
region  in  the  exterior  of  S  but  inside  a  large  sphere 
of  radius  R.  Because  ^  >  o,  the  real  part  of  the 
left-hand  side  of  the  above  equation  is  negative  and 
the  real  part  of  the  right-hand  side  is  positive,  hence 

/  |2|2  dv  -  o 

DR 

This  implies  that  2  ■  o  in  the  exterior  of  S. 

ii)  [Wilcox  1956]  Suppose  k  >  o 


The  radiation  condition  Implies  that 
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o  -  lira  /  |r  x  (V  x  I)  +  ikt|2  ds. 

R-*»  r-R 

Expand  the  integrand  and  use  some  vector  identities 
to  get 

lim  /  |$|2  ds  -  o(l) 

R -*»  r-R 

By  Rellich's  lemma  (corollary  of  lemma  l) 

E  *  o  for  r  >  R. 

This  implies  £  *  o  in  the  exterior  of  S  by 
continuation. 

Lemma  Let  S  be  a  regular  closed  surface;  f  and  g 

2  -+ 
be  piecewise  c  functions  on  S.  If  r  is  the 

unit  surface  normal  on  S  at  its  regular  point b  and 

Vtf  denotes  the  surface  gradient, 

then 

f  n- (V*f  x  V^g)  ds  «  o 
S 

Proof:  The  assumption  on  the  surface  S  permits  one  to 
decompose  the  surface  into  finitely  many  regular 
surface  elements,  in  each  of  which  a  coordinate  system 
can  be  Introduced. 

If  we  write  a  space  point  in  the  neighborhood  of  S  as* 
r  -  ^(u^u2)  +  v?  iV.u2),  u5  >  o 
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then 


V  f  m  a1  — ,  +  a2  df  , 
du1  TT 


du 


■►1  de  ■* 2  dg 

7tg " a  A +  a  A  * 


du 


du 


n  ■  a 


3  ‘ 


We  find 


,  _  ,  ,df  dg  df  dg  \  -KL  -+2  *► 

(Vtf  x  V  g)  *n  -  (— 1  A  -  7T  A}  a  xa  a3 

u  du  du  du  du 


12 

But  ds  -  -^g“  du  du  ; 


z1  -  g1J  t. 


Hence 


■*1  -»2  -*>  li  21+  ■*  ->  ,11  22  12  12, 

a  x  a  *a5  ■  g  g  Ja1  x  aj‘a3  ■  (s  &  ~S  S  ) 

(Z1  x  Z2)'Z^  -  g’1  Ig  lu3  „  0 


Therefore 


/  n-  (V.  f  x  Vtg)  ds  -  /  (^y  A  “  A  A)  du±du 
S  *  *  S  du  du  du  du 


1,.  2 


N 


.1  /  ^  -  K,  \)  duW, 

ou«l  SQ  du  du  du  du-*- 


where  Sa  are  the  surface  elements  into  which  S  is 

decomposed.  The  integration  is  over  the  corresponding 

1  2 

plane  areas  in  the  u  -u  plane.  We  observe  that 


M  ^  3fL  .  3  (r^Sj)  -  -4  (A) 

du1  du2  du2  du1  du1  du2  du2  du1 


using  the  two  dimensional  Green’s  Theorem,  namely 


/(P(x,y)dx  +  Q(x,y)dy  )  -  /  dxdy. 
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we  can  therefore  write 


where  Cq  is  the  bounding  curve  of  Sa  and  1  is 
the  arc  length.  Since  the  sense  of  the  line  integral 
on  the  common  edge  (or  common  division  curve)  of  two 
neighboring  surface  elements  is  opposite,  the  sum  of 
the  surface  integrals  will  be  zero.  Hence  the  result 
is  proved. 

Lemma  4;  [Hopf,  see  Hellwig  (i960,  p.86)  ) 

Let  the  differential  operator  A  be  defined  as 

n  n  1  2  n 

Au  -  2  a.ku  ,  k  +  2  a.u  ±  x  -  (x  ,x  , . . .x  ) 

i,k««l  x  x  i«l  x  xx 

in  an  n- dimensional  space.  Let 

Ailc(x),  a1(x)€C  in  a  closed  region  8.  Let  A  be 

elliptic  in  8,  i.e. 

n  ,  v  i  k 

i7k»l  alk(x)  y  y  >0  with  equality  holding  only 

if  y1  -  yk  «  0.  Then  if  u€C2  is  a  solution  of 
Au  -  o,  u  takes  its  maximum  and  minimum  on  the 
boundary.  This  implies  that  if  x06G  and 
u(x0)  £  u(x)  for  x68,  u(x)  -  u(xQ)  in  8  for 
each  x. 

With  these  four  lemmas,  we  can  now  give  the  proofs  of  the 
theorems  stated  at  the  beginning  of  the  chapter. 
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Proof  of  Theorem  1. 

By  means  of  Stoke 's  Theorem,  we  get  for  any  closed 
regular  curve  C2  enclosing  a  regular  surface  element  Z 
on  S 

o  -  /  n*S* ds  -  /  n*T  x  i£*ds  «  J  2**ds 

I  Z  ^  C% 


Since  Is  any  closed  curve  on  S,  the  above 

equation  implies  that  there  exists  a  function  f(x)  such 
that 

f(x)  -  f(xj  -  /*  f-dl 


Similarly,  from  the  condition  -  o  on  the  surface, 

there  exists  a  function  g(x)  such  that 

g(S)  -  s(S0)  -  !* 

*0 

These  two  equations  are  the  same  as 

E  -  vtf  ,  3*  -  Vtg  on  S 

By  the  assumption  of  Theorem  1  we  see  that  f  and  g  will 
2 

be  of  class  C  (piecewise)  over  S.  Therefore  by  Lemma  3 

/  n(?  x  3#)  ds  -  /  n* (Vtf  x  Vtg)  ds  -  o 

S  ■  S 


and  Lemma  2  implies  that  E  ■  H  ■  o  on  and  in  the  exterior 
of  S. 

Remark:  The  statement  of  Theorem  1  is  not  true  for  the 
interior  problem  because  of  the  possibility  of  the 
existence  of  mode  solutions  (solutions  such  that 
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n*?  ■  n*it  *  o  on  the  boundary).  As  an  easy  example, 
let  us  consider  the  Interior  of  a  closed  circular 
cylinder  of  length  X  and  radius  a.  It  is  known 
that  there  exists  an  electromagnetic  field  satisfying 
(A  +  k2)  Hz  -  o 
1  S»z 


-  i 


Tcp  <3$ 


/fEqp  "  ‘  E 


SH. 


Ez  "HP 


H_  ■  o 
9 


where  z,  o,  q>  are  the  cylindrical  coordinates,  and 
the  z-axls  is  along  the  axis  of  the  cylinder.  If  we 
look  for  a  solution  which  i3  independent  of  9,  we 
find  that 

/Trn 


Hz  -  sin  (If  z)  J0  (knp) 


where  n  -  integer,  kn  -  Vk2  -  (^f)2  ,  and  JQ(x) 
is  the  Bessel  function  of  zero  order. 

This  Is  a  nontrivial  infinitely  differentiable  solution 
inside  the  cylinder  which  vanishes  at  z  -  o  and 
z  -  %.  This  electromagnetic  field  will  have 
n*5  ■  n*it  ■  o  on  the  boundary  if  a  is  so  chosen 
that  kna  is  a  root  of  the  Bessel  function.  How¬ 
ever,  if  I-pj  k  >  o,  kn  will  be  complex  and  it  is 
known  that  the  Bessel  functions  of  real  order  have 
no  complex  zeros. 
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this  equation  holds  on  any  point  of  S  in  which  a 
local  orthogonal  coordinate  system  is  introduced. 

At  any  point  of  S  we  can  choose  a  coordinate  system 
such  that  h^  and  hg  are  greater  than  zero.  Now 
9,  being  a  solution  to  the  equation,  is  continuous 
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over  S  (a  compact  set).  Hence  9  must  attain 
its  maximum  on  S.  Let  it  attain  Its  maximum  at  a 
point  xQe  S.  We  apply  Hopf's  lemma  to  get 
<p(x)  ■  9(x0)  in  the  neighborhood  of  xQ.  Re¬ 
peated  applications  of  Hopf's  lemma  will  give 
<P  ■  const,  over  S.  This  implies  -  o  on  S. 

By  the  uniqueness  theorem,  which  states  that  an 
electromagnetic  field  in  an  exterior  domain  is 
uniquely  determined  by  the  tangential  electric  field 
on  its  boundary,  we  see  that  it  a  o  in  the  exterior 
of  S.  Hence,  also  it  «■  o  and  the  theorem  is  proved. 
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IV. 

Existence  Theorem*  for  Maxwell’s  Equations 
if  the  Normal  Component  of  the  Electric  and 
Magnetic  Fields  are  Given  on  a  smooth  surface 

In  this  chapter  we  shall  construct  a  solution  to  the 
Maxwell's  equations  in  the  exterior  domain  when  the  normal 
component  of  the  electric  and  the  magnetic  fields  are  given 
on  a  smooth  boundary  surface.  Then  by  Theorem  1  of  chapter 
III,  a  solution  so  found  will  be  the  solution.  In  particular, 
we  state  our  result  in  the 

Theorem.  Let 

.  4 

i)  S  be  a  C  closed  surface  which  encloses  a  simply 
connected  region, 

!» 

ii)  e(y)  >  h(y)  (yes)  be  Holder  continuous  functions 
on  S  satisfying  the  conditions 

/e(y)  ds  «■  /h(y)  ds  ■  0  ; 

S  S 

then  there  exist  it  and  it  satisfying 

a)  The  Maxwell's  equations 

7x1-  iaqit  -  o  , 

V  x  it  +  icc^J  -  0  , 

in  the  exterior  of  S. 

b)  The  vector  radiation  condition 
lim  r|D  x  V  x  E  +  iki£| 

r-*» 


«■  o 


and 
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c)  «  e(x)  ,  ivit  -  h(x)  for  x  e  s, 

Define  a  map  T  implicitly  as  follows: 

Let  9  be  the  solution  of 
At<P  -  itoo 

such  that  /  ?  de  ■  o, 

S 

where  At  is  the  "surface  Laplaclan"  (see  also  eq. 

(4.3)). 

Put 

Tf>  -  vt<P  -  it. 

Similarly  define  <p’  and  it7  for  a  function  o'. 

Then  p  and  p'  are  solutions  to  the  following 
equations: 

e(x)  +  [i<qi(£(x)-To(y))<l>  +  (n(y)-n(x))* 

s 

(To'  (y))  x  V«J>  -  ^  p  (y)  4-  *J  %  > 

»(x)  -  +  ijy  /  [i»*  (n(x)-Tp'(y))»  -  (n(y)-n(x) 

s 

(Tp(y))  x  V®  -  -jj  p*  (y)  ®]  dsy 

and  the  explicit  expressions  for  ?  and  if  are  given 
by  the  formulas: 

£(r)  mW  l  -  t'  x  V*  +  ip  V4>)  dsy  ,  V  -  Vy 

if(r)  -  Jjp  /  [lo>fit'<J>  +  it  x  dsy  . 

3 
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Remark:  The  restriction  ii)  on  e(y)  and  h(y)  is 
necessary  because  if  £  and  it  are  solutions  to 
the  Maxwell's  equations,  we  have  by  Stoke 's  Theorem 

/  n-f  ds  /  n«V  x  it  ds  -  o 

S  11  £  s 

for  a  smooth  surface  S. 

Similarly, 

/  n-it  ds  -  -ri-  /  n-V  x  it  ds  «*  o . 

S  S 


Our  starting  formula  is  the  famous  Stratton-Chu 
formulas  (Eqs.  (8a),  (8b)  of  Chapter  I): 


f(r)  -  /  [ia*jitf  -htt+jpvi]  ds  , 

s 

it(r)  -  /  [i^it'$  +  it  x  VS  +  ^  o'v$]  ds. 

s 

where 


it  -  n  x  it  , 
v^-it  -  lop, 
$  -  $(r,y) 


it'  -  -n  x  S  , 

Vt*it'  »  ioo'j 

0ik|r-yi 

1  ;  • 


(4.1a) 

(4.1b) 


(4.1c) 


n  is  the  surface  normal  pointing  into  the 
interior  of  S, 
r  is  any  exterior  point, 

is  the  surface  divergence  operator. 

Observe  that  if  we  take  it  and  it'  to  be  known  and 
define  p  and  /  by  (4.1c),  we  can  show  that  (4.1a)  and 
(4.1b)  represent  two  vector  fields  it  and  it,  which  satisfy 
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Maxwell’s  equations  for  points  r  not  on  S.  Furthermore, 

£  and  it  In  (4.1a)  and  (4.1b)  satisfy  the  radiation  con¬ 
dition.  Only  the  boundary  conditions  are  not  yet  seen  to 
be  satisfied.  We  are  given  two  relations;  consequently 
there  should  be  two  unknowns  to  be  determined.  We  therefore 
regard  p  and  /  as  unknowns  in  (4.1a)  and  (4.1b)  and 
restrict  £  and  it'  to  be  the  surface  gradients  of  <P 
and  <p'  respectively  where  the  functions  9  and  9*  are 
related  to  0  and  o'  as  follows: 

V  >  *-V»  (4.2a) 

^9'  -  i<&p'  ,  it'  -  Vt9\ 

Here  At  is  the  “surface  Laplacian"  defined  by 

(4o)  (B™) 

with  g^  being  the  metric  coefficients  on  the  surface. 

If  we  can  prove  that  for  each  0  there  exists  one  and 
only  one  it  satisfying  (4.2a),  (and  similar  result  for  p' 
and  it'  )  j  we  see  that  (4.1a)  and  (4.1b)  actually  contain 
two  unknowns  0  and  That  there  is  at  most  one  it 

for  a  given  >  is  clear  from  the  results  of  Theorem  2  of 
last  chapter,  since  the  only  continuous  solution  to 
A^9  "  o  is  a  constant.  We  therefore  complete  our  solutions 
by  finding  p  and  ,j '  from 

*  In  the  following  we  shall  also  write 

r  -  r,  x  ■  x  and  y  -  y. 
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$(r)  -  /  [i«Viify  ■!'  xV{+^iV{]  dsy,  V  -  Vy  (4.4a) 

s 

H(r)  -  +  Tfi:  /  [i®at'  $  +  it  x  V$  +  i  o'  v{]  dsy  ,  (4.4b) 

s 

where  it  -  Vt9  ,  it'  -  Vt<p',  (4.4c) 

ht9  -  iOJp  ,  At9'  -  i<Bp' 

and  V^9  ia  the  surface  gradient  of  9. 

4. 

Remark:  The  condition  S  e  C  is  needed  for  the  validity 
of  the  Inequality  to  be  given  in  lemma  2.  (See  (4.10)) 

We  shall  need 

Lemma  1.  Let  p.  be  continuous  on  S  and  put 

P(r)  -  n(x)  •/  ii(y)  V  $(r,y)  d3  .  r  -  x  +  nd,  x£S. 

S  y 

Define 

P  (x)  -  lim  P(r)  as  d+o,  d>o; 

v 

p1(x)  “  lim  P(r)  as  d-*o,  d<o. 

Then 

Pe(x)  -  -2rrp,  (x)  +  P(x)  , 

P1(x)  -  2irp(x)  +  P(x)  , 
where 

P(x)  -  /  |i(y)n(x)-7xf  (x,y)  dsy  -  /  n(y)S-*|*'y)  ds  . 

S  S  x 

This  lemma  can  be  proved  In  the  same  way  as  Kellogg  [1929* 

p.164]  for  §(r,y)  ■  -1  ■  . 

|r-y| 

Let  us  take  the  scalar  product  of  (4.4a)  and  (4.4b)  with 
n(x)  and  let  d-H-o  , 

*From  now  on  £  will  denote  the  exterior  surface  normal. 
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we  get 

lim  n(x)*^(x  +  dn)  -  e(x)  -  +  lim  n*/[io^iit$- 

&*o+  c  d-K)  S 

it'  X  V$]ds  -  /  jP(y)^H“  ^(x,y)  dsy  ,  (4.5a) 

S  x 

lim  n(x)-it(x  +  dn)  «  h(x)  -  +  lim i  a(x)*  /  [i®M£'S  + 

d-*-o+  ***  d->o+w  S 

it  x  V$]  ds  -  -Jjp  /  -i  p'  (y)V§(x,y)  dsy  -  .  (4.5b) 

3 

Since  $ (x,y)  ■  Q(~jx-yf)  as  x-*y>  we  have 

lim  Jn*it(y)  ?(r,y)  ds  »  /(n(x)  -it(y)  )$  (x,y)  ds  ,  (4.6a) 

d->o  S  *  S  y 

lim  n*/  It  x  V$(r,y)  ds  »  lim  jn(x)  *it(y)  x  V$(x+dn,y)  ds 
d-*o  y  d+o  y 

■  +/  n(x)  *it(y)  x  Vy$(x+dn,y)  dsy  + 

-/  (n(y)  -  n(x)]*it(y)  x  V  $  ds  •  (4.6b) 

S  y  y 

But  K(y)  -  Vtc?(y)  and 

n(y)*Vt<^(y)  xVy$(x+dn,y)  -  n(y)  *Vt<£(y)  x  Vt$(x+dn,y); 

by  lemma  3  of  Chapter  III  we  have 

/  n*it(y)  x  Vyf  (x+dn, y )  dsy  -  o. 

Hence 

lim  n(x)*  /  it(y)  x  V$(x+dn,y)  ds  ■  /[n(y)~n(x)  ]  *it(y)x 
d+o  s  y  s 

V  dV  (4,7) 

Using  (4.6a)  and  (4.7),  we  can  write  (4.5a)  and  (4.5b)  as 
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follows : 

e(x)  m2$-  +  Tfir  f  U%(n(x)*£(y))$  +  (n(y)  -  n(x))* 

it'x  Vy$  -  ^p(y)3HJ  2]  d8y  (4-8a) 

and 

h(x)  -  PgM  /[ l<oi~(n(x) *it/  (y)  )£  -  (n(y)-n(x))* 

s 


fr(y)  x  vy5 

-  5  o'  (y>  3^*)  asy  > 

(4.8b) 

where 

*  -  v  - 

At<P  -  1030, 

(4.8c) 

*-v'  * 

At«p/  »  io»'. 

(4.8d) 

Equations  (4.8a)-(4.8d)  can  be  regarded  as  four  equations 
for  the  four  unknowns  p,  p',  <p,  and  However,  If  we 

know  that  we  can  solve  for  q>  and  q>  '  from  (4.8c)  and 
(4.8d)  for  given  p  and  /  ,  we  can  regard  (4.8a)  and  (4.8b) 
as  two  equations  for  two  unknowns.  In  the  language  of 
operator  theory  we  shall  prove  that  the  map  of 
p  to  it  (o'  to  it' )  is  a  bounded  linear  operator  from  the 
space  of  continuous  functions  on  S  to  the  space  of  con¬ 
tinuous  tangential  fields.  The  first  two  integral  operators 
in  (4.8a)  and  (4.8b)  are  completely  continuous  operators  that 
map  continuous  tangential  fields  into  cintinuous  functions. 
The  last  integral  operator  in  (4.8a)  and  (4.8b)  is  a  com¬ 
pletely  continuous  operator  which  maps  continuous  functions 
on  S  into  continuous  functions  on  S.  Therefore,  if  there 
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exist  no  non- trivial  solutions  to  the  homogeneous  Integral 

equations  (the  conditions  in  Lemma  7  will  insure  this),  we 

can  conclude  that  there  exist  unique  p  and  p '  to  the 

system  of  Integral  equations. 

To  prove  the  above  assertions  we  shall  nejd 

Lemma  2.  Suppose  p  is  a  real,  continuous  function  on  S 

and  /  p  ds  ■  o.  There  exists  a  unique 
S 

satisfying 

-  o  (4.9) 

almost  everywhere  with  the  property 

max  |  V.  CP  (x)  |  ^  C  max  |  p(x)  J  ,  (4.10) 

x  €  S  *  xe  S 

where  C  is  a  constant  depending  on  the  surface  S 
only.  The  existence  of  a  function  4-  satisfying 
equation  (4.9)  is  known  from  the  theory  of  harmonic 
integrals  (C.  B.  Morrey,  Jr.  and  James  Eells,Jr.  (1955)* 
p.1,24].  We  shall  sketch  a  proof  for  the  existence  of 
the  function  <f>  and  the  inequality  (4.10)  in  the 
appendix. 

Lemma  3-  Let  K(x,y)  be  defined  on  S  and  continuous 
for  x^y.  Assume  that  positive  numbers  A,  or  ,  X* 
exist  such  that 

lK(*»y)l  $ 

f  or  x,  y  e  S  and 

)K(x.y)  -  K(x2,y)|  «  B<X1'X2 > 

trj-  <X 
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for  all  <f  with  "pj: 

and  all  x^  x^  y€S  with  |x1-x2|£<T'  and 

!xl-y/  >  2  r. 

Let  p,(x)  be  continuous  on  S.  Define 

It  pH  -max  jp(x)/  .  If 
x  e  s 

Ku(x)  -  /  *i(y)  K(x,y)  ds  , 

S  y 

then 

I  Ku(x)  I  <  C  /I  pi/ 

1  1  1 
I  Kufx^-K^Xg)  |  <C  |x1-x2|T+^ 

1+  oc 

for  all  Xj^,  Xg^  S  with  |x1~x2l  <  min  [1 ,  TQ  , 

^)1+ri. 

A  proof  of  this  lemma  can  be  found  in  Werner  [196l,p.l0].  A 
similar  result  can  also  be  found  in  Muller  [1957, p. 307] • 

Let  us  denote  the  space  B  -  To :  p  £  C  in  S  and 

}*- 

a 

and  introduce  the  norm  H  pfl  -  max  j  p  (x)|,  where  /| 

xes 

denotes  the  absolute  value  of  a  complex  number.  The  intro¬ 
duction  of  this  norm  makes  B  a  Banach  space  of  continuous 
functions  on  S.  Similarly  we  define  B'  -{it:  it*C  in  sj 
With  norm  ||  i Vl  -  max  Jit/  ■  max  .  With  this  norm 

T  This  shorthand  notation  means  that  B  consists  of  all  com¬ 
plex  continuous  functions  on  S  such  that  the  continuous 
functions  satisfy  the  condition 

/  p  ds  -  o  . 

r% 
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B/  becomes  the  Banach  space  of  continuous  tangential  vector 
fields  on  S.  We  now  prove 

Lemma  4.  The  map  T:p**ifc  from  the  Banach  space  B  to  B' 
by  means  of 

tQ<p  -  i»p  ,  Aoq?  -  it 
i 3  linear  and  bounded. 

Proof:  Linearity  is  clear.  Since  the  coefficients  of  the 
partial  diffemtial  equation  are  real,  both  the  real 
and  imaginary  parts  of  must  be  solutions  to  the 

same  equation  with  the  right  hand  side  being  the  real 
and  imaginary  parts  of  p  respectively. 

Let  us  write 

4)  -  cpr  +  i  <p±  , 
p  -  or  +  ipt  • 

By  lemma  2  we  have 

max  |V.  <P\  <  C  max  |p_(x)|  , 

X  £  S  *  r  X£S 

max  | VI  ^ |  <  C  max  |p, (x) |  , 
x€S  *  1  x<£  S 

these  two  together  give 

llv^ll  -  lift  |  -  I  I  Tp  1 1  <  oIIpII. 

Hence  T  is  bounded. 

Lemma  5.  The  following  maps  have  kernels  satisfying  the 
conditions  of  lemma  3. 

i)  K,  :B'-HB#  «».fp:o£C  in  where  K,  (ft)  -  /  &(x)* 

L  J  1 1  S 

K(y)f(x,y)  dsy  , 
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ii)  K2:  b+B*  where  K2(£)  -  ft(y)  *[n(y)-n(x)  ] 

s 

x  V  $  da  > 

<y  v 

ill)  K,:  where  K?(p)  -  fo(y)  -  f(x,y)  dsy . 

S 

Proof: 

1)  Since  $"(x,y)  has  a  singularity  of  the  order 

■j^yj  ■  as  x-*y,  we  see  that  there  exists  A^  such  that 

A, 

|n(x)£(x,y)  |  <  13^  ,  x,y£  S  . 

.  li  / 

ii)  Since  we  assume  SeC  ,  there  exists  Ag  such  that 

|n(x)-n(y)|  |x-y|,  x.y^S 

and  therefore  there  exists  A2  such  that 

|(n(y)-n(x))  xVyJ(x,y)|  <  |n(x)-n(y)|  |vy$(x,y) |  <f^Ty |  ■ 

iii)  3^$(x»y)  "  n(x)‘Vx$(x,y)  “n(x)*-|^|-5  . 

If  we  introduce  a  rectangular  coordinate  system  with  x 

as  origin,  and  consider  the  tangent  plane  through  x  as  the 
1  2 

u  -u  plane,  we  can  represent  the  surface  points  in  the 

* 

neighborhood  of  x  as 

y  -  u1^  +  u2eg  +  n(x)  f(uX,u2)  , 

where  e^  are  unit  vectors  in  the  tangent  plane  and 

M°i°l  .  o. 
du1  ■ 

We  have 

S(xHi-y)  -  otfu1)2  +  (u2)2)  -  0  (|x-y|2) 


*tfhis  is  usually  referred  to  as  tangent-normal  system. 
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and  hence  we  get 


The  proof 8  that  K^>  Kg  and  Kj  have  kernels  satis¬ 
fying  the  second  condition  of  lemma  3  are  similar,  hence  we 
shall  only  give  the  proof  for  the  kernel  of  K1« 

Because  of  the  assumption  on  S,  the  number  7*0 
which  is  required  in  lemma  3  always  exists.  We  note  that 
|n(x1)f(x1,y)  -  n(x2)J(x2,y)  |  <  | $(x1,y)-j>(x2,y)  |  + 

l£(xg,y)  I  |n(x1)-n(x2)  |  . 

If 

|x1-x2|  <  f  and  |  x^-y  |  ^2  f* ,  we  get 

If(x2»y)  I  |n(x1)-n(x2)  |  l^-Xgl  . 

Applying  the  mean  value  theorem,  we  get 

1 5(xi*y)  -  £(*2>y)l  <  l^-xgi. 

Consequently,  for  <  1,  we  get 

In^f^y)  -  n(xg)£(xg,y)  |  <  ^  Ixj-Xgl  (4.11) 

Equation  (4.11)  is  the  second  condition  of  lemma  3. 
Hence  the  proof  of  lemma  3  is  completed. 

We  now  define 

B  x  B  -  £(.->!,  ?2)  :  B  j-  . 

By  introducing  the  norm  of  ?  -  (o^Og)  as  follow3: 
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the  set  B  x  B  becomes  a  Banach  space.  We  can  write  (4.8a) 
and  (4.8b)  as 


'p(x) 

p'(x) 


LXT  +  L3 


V 


-l2t 


L1T+L3 


Xp(x) 

?'(x) 


(4.12) 


2£  e(x) 

2^h(x) 

or  symbolically  as 

e  -  p  +  Tp  ■  (I  +  T)p  (4.13) 

We  now  prove 

Lemma  6.  The  operator  T  Is  a  completely  continuous  linear 
operator  from 

B  x  B  -+•  B  x  B, 

where 

B  »  f  p:  P  «C  In  S  and  / p  ds  -  o  ?• 

L  S 

Linearity  Is  clear  from  (4,12).  In  order  to  prove  that 

an  operator  is  completely  continuous,  we  must  show  that 

it  maps  a  bounded  sequence  into  a  compact  sequence  (a 

sequence  which  has  a  convergen  subsequence).  We  first 

show  that  T  maps  B  X  B  B  x  B.  For  this  we  show  that 
, _  F(x) 


+(n(y)-n(x)>£'x  ^yf"£:P(y)-gH^f)dsy} 


9(x) 


/ 

s 

and  _ _ 

f  dsx  ^/[iog(n(x)-it/(y))f  - (n(y)-n(x)  )Vy$j^P'  (y)3H^ldsy] 

if 


fp  ds  ■  /o'ds  ■  o. 


From  the  steps  by  which  we  derived  (4.8a)  and  (4.8b), 
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we  see  that 

ipf  /  F(x)  dsx  -  lim+/  n(x) •ft(x+dn)dsx  +  /  dsx  ?  (4.14) 

S  d-K>  S  S 

where  ft  is  given  by  (4.1a).  It  can  be  shown*  that  5  and 
ft  as  given  in  (4.1a)  and  (4.1b)  satisfy  the  Maxwell's 
equations  for  points  not  on  S.  Hence 

lim.  /  n(x)  *ft(x+dn)ds  -  lim,  -tL  /  ft(x)  *V  x  ft(x+dn)ds  -  0. 
d->o+  S  d-*o+  S 

(4.15) 

But  we  are  also  given 

/o(x)  dsx  -  JV  (x)  dsx  -  o  . 

Hence  from  (4.14)  and  (4.15)  we  get 

/  ds„  F(x)  »  o . 

S  x 

Similarly, 

/  dx  Q  (x)  -  o  . 

S  x 

Having  shown  that  T  maps  B  x  B  -►  B  x  B,  we  now 
show  it  is  completely  continuous.  From  lemmas  5,  4  and  5, 
we  see  that  T  will  map  a  bounded  sequence  in  B  x  B  into 
a  bounded,  equi-Holder  continuous  sequence.  This  means  that 
the  resulting  sequence  is  uniformly  bounded  and  equicontinu- 
ous  over  S.  By  the  theorem  of  Ascoli  [see  Kellogg  p.265], 
the  resulting  sequence  will  contain  a  convergent  subsequence. 
The  limit  of  this  uniformly  convergent  subsequence  will  also 

See  Appendix  II 
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be  continuous  and  belongs  to  B  x  B.  The  proof  that  T  Is 
completely  continuous  Is  therefore  completed. 

Since  T  Is  completely  continuous,  we  can  apply  the 
Fredholm  alternatives  to  discuss  the  solutions  for  (4.15). 
Since  we  have  not  succeeded  In  finding  the  explicit  ex¬ 
pression  for  the  adjoint  of  T  in  (4.15),  we  shall  limit 
ourselves  to  the  case  when  the  homogeneous  integral  equation 
has  no  non- trivial  solution.  The  condition  of  the  following 
lemma  will  insure  that  there  is  no  non- trivial  solution  to 
the  homogeneous  integral  equation. 

Lemma  7.  If  we  assume  that  p  and  co  are  positive  con- 

stants  and  £  -  £  +  i  with  £q,  >  o  , 

the  integral  equation  (4.15)  [which  is  equivalent 

to  the  system  in  (4.6a)  and  (4.8b)]  has  no  non-trivial 

solution. 

Proof:  Let  p  -  (0,0')  be  a  solution  of  the  homogeneous 
equation  (4.15).  We  form  the  electric  and  magentlc 
fields  by  means  of  (4.4a)  and  (4.4b).  o  and  p'  being 
solutions  of  the  homogeneous  system  (4.8a)  and  (4.8b) 
imply  that 

(n*£)e  -  (n-it)e  -  o  on  S  . 

where  (  )„  denotes  the  values  obtained  when  the 

'  e 

points  of  S  are  approached  from  the  exterior.  By  the 

uniqueness  theorem  (theorem  1,  Chapter  III),  we  see  that 
TT 


Physically,  this  means  that  the  medium  is  lossy. 
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the  electromagnetic  field  in  the  exterior  of  S 
vanishes  identically;  1.  e. 


2  -  K  * 

e  e 

(4.16) 

Prom  the  Jump  condition,  we  have 

n  x  -  -it'  - 

(4.17a) 

n  x  [2e-21]  -  it  -  vt<p  . 

(4.17b) 

Prom  (4.12)  we  therefore  get 

n  X  2±  -  it7  - 

(4.l8a) 

n  X  it±  -  -it  -  -Vt  f  . 

(4.l8b) 

consequently  ? 

/n*  (21  x  itj^Jds  -  #)ds  -  o 

(4.19) 

by  lemma  5  of  Chapter  III. 

But  if  the  condition  on  the  dielectric  constant  E  in 
the  lemma  is  satisfied,  (4.15)  implies  that  3^  ■  2^  *  °. 

Now  .  .  . 

n^Sg-iSjJ  ,  (4.20a) 

-jf;  (4.20b) 

therefore  we  get 

p  -  p‘  *o 
as  asserted. 

If  the  conditions  of  lemma  7  are  satisfied,  the 

— .  - . .  .. 

Ee  is  the  electric  field  in  the  exterior  of  S. 
is  the  electric  field  in  the  interior  of  S. 


4.17 


homogeneous  equation  (4.13)  (or  (4.8a)  and  (4.8b))  has  only 
a  trivial  solution.  Hence  by  Fredholm's  first  alternative, 
there  exists  a  unique  solution  p  £  B  x  B  to  (4.13)  for  a 
given  e  <f  B  x  B.  This  is  the  same  as  saying  that  the  system 
(4.8a)- (4. 8d)  have  unique  solutions  if  conditions  of  lemma  7 
are  satisfied.  Having  solved  for  p  and  p',  we  can  obtain 
£  and  it';  substituting  these  four  quantities  into  the  re¬ 
presentations  (4.1a)  and  (4.1b),  we  have  the  desired  solutions 
to  the  Maxwell's  equations. 

We  shall  remark  briefly  on  the  limiting  values  of  the 
electric  and  the  magnetic  fields  as  we  approach  from  the  ex¬ 
terior  or  the  interior  of  S.  By  the  assumption  that  e(x) 
and  h(x)  are  Holder  continuous,  continuous  solutions  for 
p  and  p  '  from  (4.8a)  and  (4.8b)  are  then  Holder  continuous; 
£  and  are  Holder  continuous  if  p  and  p'  are  con¬ 

tinuous.  Therefore  we  conclude  (see  theorem  48  p.217  of 
Mtiller)  that  the  electric  and  the  magnetic  fields  given  in 
the  statement  of  the  existence  theorem  are  continuous  up  to 
and  on  S,  as  we  approach  from  either  side  of  S. 

Given  a  Bmooth  surface  S,  the  results  of  this  chapter 
show  that  we  can  always  decompose  an  electromagnetic  field 
into  two  fields,  one  of  which  has  no  normal  component  of  the 
electric  field  while  the  other  has  no  normal  component  of 
the  magnetic  field  on  the  surface  S.  This  should  be  com¬ 
pared  with  the  conclusions  in  Chapter  II  that  only  in 
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spherical,  cylindrical  or  rectangular  coordinates  can  we 
have  T.E.  or  T.M.  wave. 
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Appendix  I 

We  shall  sketch  the  proof  of  lemma  2  of  Chapter  IV. 
Specifically,  we  shall  show 

Theorem.  Let  ,o  be  a  continuous  function  on  S  and 
,  4 

/. j  ds  -  o.  Let  S£C  .  Then  there  exists  a  unique 
S 

c p  satisfying  the  following  equation 

\<p  -p  A  (eiJ  -A  " (A-i) 

Vg  ou  ouJ 

and 

f<p  ds  -  o. 

S 

Furthermore,  there  exists  a  constant  c  depending  on 
the  surface  S  such  that 

Max  |vt  <P  (x)  |  4:  C  max  |,j(x)|. 

X€S  x  6  S 

Proof:  With  no  loss  of  generality,  we  may  assume  p(x)  to 
be  real.  We  shall  use  the  lemma  of  Lax  and  Milgram  to  prove 
that  there  exists  a  “weak"  solution  to  (A.l).  Then  we  shall 
show  that  this  weak  solution  satisfies  (A.l)  almost  every¬ 
where. 

By  the  assumption  on  the  surface  S,  we  can,  by  the 

Heine-Borel  Theorem,  cover  it  with  a  finite  number  of  open 

coordinate  patches.  We  denote  a  covering  by 

'W-  -  U  U.  t>3.  Each  of  the  coordinate  patches  is  taken 
a-i 

to  be  small  enough  that  there  exists  a  coordinate  system 


1  2 

xa  "  xa  such  thafc  the  followin8  lemma  holds: 

Lemma  a.  There  exist  positive  Ra>ra*Ma,  and  such  that 
i)  Ra  >  /lOT  >  ra,  for  x<£-Ua  ; 

il)  g1J(ya)  -  cT1J,  for  a  ya6Ua  ; 
iii)  +  %\)  $  S1J(x)  Zj  S  Ma(£2  +  l\), 

for  'x£Ua,  1  £  a  $  N,  and  I'g2)  +  \\\\  f  o. 

We  now  choose  such  a  covering  /2£  for  the  surface  S 
and  define  a  space  P20  of  functions. 

Definition:  The  function  f 6  P2  if  and  only  if 

i)  f£L2(S); 

ii)  There  exists  a  sequence  of  C1  functions  such  that 

lim  | | f  -  f_||2  -  lira  /  (f  -  f_)2  ds  -  o, 
n-*®  n  n+~  S 


11m 

n,nr*“ 


|Dfn  - 


Df 


nr 


o. 


We 


where  D  is  any  first  derivative, 
define  a  scalar  product  in  P2  as  follows: 


<f,t> 


N 

S  /  [f  f 
o-l  UQ 


+ 


+ 


dx1dx2 

<5x  cx 


-  /  [  <P  f  +  Vf  •Vf'  ]  dx. 

'll 

The  norm  of  <£?f  P2  is  define<*  as  follows: 

ll^ll2  -  <f,  f  >  • 


If  in  addition. 


ill)  ft  ds  ■  o, 
S 
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we  say  f € P 20* 

With  this  definition  of  scalar  product,  P2Q  becomes  a 
Hilbert  space  of  functions  with  properties  satisfying  i),  ii), 
and  iii) .  Furthermore,  we  note  that  the  functions  of  P2Q 
are  liraitB  of  sequences  of  functions  in  S.  Therefore, 

for  calculations  we  can  take  the  functions  to  be  of  class  C1. 
Lemma  fl.  (Poincare's  inequality)  If  u£P20>  then  there 
exists  a  constant  >  o  such  that 


C1  ^  f  (~T;2  +  dx> 

^  --x  Sx  & 

Here,  C-^  depends  only  on  the  surface  S. 

Proof:  We  shall  prove  this  inequality  by  contradiction. 
Suppose  the  inequality  is  not  true;  then  there  exists  a  se¬ 
quence  of  functions  ffn}  £  p20  such  that 

P  P  Sfn  2 

/  f  dx  m  1  and  lim  /[  ( — *-)  +  ( ■  •  n)  ]  dx  *  o . 

V  n  n-*»  *U  dxx  ox 


c^u  s2 


This  means  that  the  sequence  { tnJ  is  bounded  (in  the  sense 

of  the  norm  we  introduced  for  functions  in  P2Q].  Consequently, 

the  sequence  {fn}  contains  a  subsequence,  which  will  also 

be  denoted  by  {fn]  •  converging  weakly  to  a  function 

* 

fd'Pgoi  i.e.  there  exists  f£P2Q  such  that 

lim  [f  gf_  dx  +  /  Vg-Vf_  dx  7  -  /  fg  dx  +  /  ?f -Tg  dx,  (A. 2) 

n  n  J  #  U 

for  all  B6p20'  But  it:  can  be  Proved  (8ee  Morrey  (1956)] 

We  denote  vf  >v  .  fcg  .  ££_  Sg 

7  78  a*1  i?  i?  I? 


that  if  converges  weakly  to  f  in  P20>  £fnl 

converges  strongly  to  f  in  Lg.  This  means 

lim  /  |f  -f|2  dx  «  o.  (A. 3) 

n-*»  UL  n 

But  (A. 3)  implies 

lim  /  |f  I2  dx  -  /  f2  dx.  (A. 4) 

n+co  K  n  iC 

This  being  the  case,  we  get  from  (A. 2) 


lim  /  Vg*Vf,  dx  -  /  Vg*Vf  dx.  (A. 5) 

n-*»  'll  n  'll 

But  by  the  assumption  on  Vfn,  we  get 


•Urn  |  /  V g-Vfn  dx|  $  lim  Jf  |Vg|2dx  /  |VfJ2  dx  o. 
i-j-xb  tl  n  'll 


Hence 


f  V f*Vg  dx  -  o,  for  all  g6P2Q.  (A. 5a) 

If  now  we  choose  g  ■  f,  we  see  that  (A. 5a)  implies  that 
f  ■  constant . 


But  by  the  requirement  that 
f  ■  o  on  S. 


/  f  ds 
S 


o,  we  have 


Since  we  have  shown  in  (A. 4)  that 

/  |f |2  dx  -  lim  /  IfJ2  dx  -  1.  (A. 6) 

11  n-*»  *U  n 

(A. 6)  says  that  f  cannot  vanish  identically  on  S.  This 
contradiction  proves  the  lemma. 


By  means  of  lemma  a  we  can  immediately  show 


Lemma  y .  There  exist  positive  constants  A^  Ag, 

Ay  and  a^  such  that  for  <^£Pg> 

a,/  Q2  ds  v<  f  (p2  dx  $  A,  /  <$2  ds, 
iS  U  1  S 

/  |V.  <Q\2  ds  i  !  |V£>  |2  dx  ^  A2  /|v.  <?|2  ds, 

^  S  *  ^  S  r 

a?  /[  <?2  +  |vt  <?  |2]ds  *  |  |  <P  I  I2  s<  A?  /[<?  2  +  [Vt  <?|2]ds. 
s  s 

Lemma  X  .  [Lax  and  Milgram].  Let  H  be  a  Hilbert  space, 
B(u,v)  a  bilinear  functional  in  H  such  that 

i)  |b(u, v)  |  ,<  K  |  |u|  |  |  | v |  |, 

ii)  Kj  | u |  |2  $  |B(u,u)  |, 

for  some  constants  K,  K1  >  o.  Then  for  every  u£H, 
there  exists  a  u'^H  and  conversely  for  every  u'€  H, 
there  exists  a  u£  H  such  that 

B(u,v)  -  <  u',v>, 
for  all  v6  H. 

For  a  proof  to  this  lemma,  we  refer  the  reader  to 
He 11 wig  [I960,  p.203]. 

Using  the  Lax- Milgram  lemma,  we  show  that  there  exists 
a  function  <p  such  that 

/  (V  'XV  )  ds  -  /  Y  ?  ds,  (A. 7) 

Sz  S 

for  all  y-<f  P20  -  H. 

In  order  to  show  this  we  define  B(  <p,y*)  for  (Q  ,f~  €  P20 


as  follows: 


By  Schwarz's  inequality  and  lemma  y  we  Set 


|B(f  ,T)\ 


|/(Vtf  -V tr)  del  $  s/nvt<£?|2ds  /|VtTi2ds 

s  »  s  s 


«  K  ||l||  ll-Yll. 


(A. 9) 


By  Poincare 's  Inequality  and  Lemma  7",  we  get 
I  1^1 12  -  2  +  Iv^t2)  dx  ^  C  /  |yf  |2  dx  (A. 10) 

s<  jq-  |B(  f ,  ^)  | 

or  P 

|b(^,  <?)|  ^  Kx  II  <p\r.  (A. 11) 

(A. 9)  and  (A. 11)  are  the  conditions  satisfied  by  our  bilinear 
functional  B(u,v).  Therefore,  for  each  u' €  P 2Q  there 
exists  a  vi^Pg0  such  that 

B(v,u)  •»  <v,u'>,  for  all  v£p20’  (A. 12) 

But  the  right-hand  side  of  (A. 7)  is  a  bounded  linear 
functional  on  P2Q  for  a  given  8lnce 

|  /  vp  ds|  *  C  |  |p  1 1  1 1  v  1 1 . 

S 

Therefore,  there  exists  a  u'  €  P 2Q  such  that 

/  vp  ds  ■  <v,u'>,  for  all  v£Ppn*  (A.  13) 

S 

Prom  (A. 12)  and  (A. 15)  we  see  that  there  exists  a  u  such 


We  observe  from  (A.14)  that  if  u  nas  second  continuous 
derivatives,  we  can  integrate  by  parts  (using  Theorem  5  of 
Chapter  I)  to  get 

/  v  4.  u  ds  ■  -/  v,j  ds,  (A.l4a) 

S  Z  S 

for  all  vgpgg.  That  u  has  continuous  second  derivatives 
everywhere  cannot  be  proved  unless  we  put  more  restrictions 

ii 

on  the  behavior  of  p  in  (A.l).  Since  we  assume  S£C  , 

2 

the  coefficients  of  the  operator  are  at  least  C  .  Prom 
Theorem  (4.5)  of  Morrey  (1956,  p.47)  and  Theorem  (4.7)  of 
Morrey  (1954,  p.129),  we  conclude  that  the  function  u  as 
given  in  (a.14)  will  have  Holder  continuous  first  derivatives 
and  the  derivatives  belong  to  P2*  Hence  (A.l4a)  holds  for 
u.  (A.l4a)  implies  that 

A^u  «  -p  +  C  (A.l4b) 

almost  everywhere.  The  constant  C  in  (A.l4b)  is  zero  since 

/  4,  u  ds  ■  /  T  •  (V^u)  ds  ■  o  and  by  assumption 
S  z  3  z  z 

f  :>  ds  ■  0. 

s 

Consequently,  we  obtain  a  function  <p  satisfying  (A.l) 
almost  everywhere. 

To  prove  the  inequality 

Max  |v* <p |  $  c  Max  |p I,  (a.i4c) 

xeS  L  x  6  S 

we  may  use  the  Helne-Borel  Theorem  to  cover  the  surface  S 
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a  finite  union  of  open  sets  u  (a-l,,..N).  Let  £>„  be  a 

a  N 

closed  set  such  that  Ua  and  such  that  U  DQ  =>S. 

ct—1 

Let  us  consider  one  of  the  sets  '  and  call  it 

ol  a 

5  -  5  c  u_  ■  u.  Let  if  be  another  closed  set  such  that 

Cl  d 

Dc  D  ‘  c.  D  cU,  where  U'  is  an  open  set  in  U.  Let  u1 
2 

and  u  be  parameters  for  the  surface  element  U.  We  choose 
u1  and  u2  such  that  ^2)  -  for  a  point 

(^  ,5  )6D.  If  U  is  small  enough,  there  exists  a  Green's 

1  2  vl  >-2 

function  fl(u  ,u  ;  5  ,  {  )  which  is  a  solution  to 

(g1J  V's  ^4)  -  -  Sit1-  U1)  cT(  ^2-u2) .  (A. 15) 

l/g  OU  ?UJ 

The  existence  of  a  function  G(u1,u2;  £1,  I2)  satisfying 
(A. 15)  has  been  proved  by  E.  E.  Levi  (1907)  by  using  the 
method  of  the  parametrix  if  g1*^  O'5;  this  means  that  the 
surface  has  to  be  of  class  C^.  Also,  P.  John  [1950]  has 
proved,  by  the  Cauchy-Kowalewski  Theorem,  the  existence  of  a 
Green's  function  for  linear  elliptic  differential  equations 
with  analytic  coefficients  for  a  Bmall  region.  For  our 
equation,  the  Green  s  function  will  behave  like: 


GCu^u2;  I1,  S2)^^  log  +  (u2-£2)2 

i  g 

in  the  neighborhood  of  the  point  ( |  ,  ?  ).  We  construct  a 
function  Y  such  that  y6  C2  and 


T(x) 


C 


for  x6fi 
for  x6U-d" 


We  use  the  Green's  identity  on  a  region  U-S£  ,  where  Z£ 

X  2 

is  a  small  circle  excluding  the  point  ( \  ),  to  get 


/ 

U-2r 


[£  (x)O(x,  £  )Atf  (x)  -  <p  (x)At(  V  (x)O(x,  |  ))]  dsx 

(A.16) 

(/  +  ;)[f(x)  ^-(jr(x)o(x,^  )>  -II-  swotx.fmi*, 

C  Cc-  O  o 


where  C  is  the  boundary  curve  of  u,  is  the  boundary 
curve  of  and  nQ  is  the  surface  tangent  vector  which  is 

normal  to  the  boundary  and  which  points  away  from  the  region 
U-2^  .  Since  %  (x)  wo  in  the  neighborhood  of  C,  as  S  -*•  o, 
we  get  from  (A.l6) 

(A. 17) 

f  (S)  -  /  *(x)0(x,  ^)p(x)dsx  -  /  (*)“(*> 

for  Prom  (A. 17)  we  get 

|D  (p  (  'f, )  |  $  1/  Y  (x)p(x)  n  G(x,  £)  ds  |  + 

5  U  5 


/  _<p (x)  1^  At  ('j(x)G(x,^))  dsxl,  (A.18) 

where  is  any  derivative.  If  the  region  U  is  small 

enough,  there  exists  a  constant  K  such  that  for 
-  (£ 1,  |2)(f  D,  we  have 

f  (^)l2  <  K  [D^fC  S))2  +  (D^2f  (S))2].  (A‘19^ 

But  from  (A.l8)  we  get 

|D  i^  (  £  )l  ^  Ki  max  I P (x)  |  +  K2  max  |f  (x)|.  (A. 20) 

%  xs  U  x£U 
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* 


(A. 20)  is  true  for  all  tf  £  D;  hence  from  (A. 19)  we  have 


max  |Vi.<P(£)!  <  Kk  max  |p(x)|  +  Kk  max  |(2>(x)|.  (A.2l) 

x&T)  z  4  x6U  5  x«=U  7 

In  each  of  the  open  sets,  the  union  of  which  covers  S,  (A. 21) 

holds  with  appropriate  constants.  This  implies  that  there 

exist  Kg  and  Ky  such  that 

max  |V.  f  (x)|  {  Kfi  max  |p(x)|  +  1C,  max  |<?(x)|,  (A. 22) 

x  £S  T  °x£S  '  x*S 

where  Kg  and  Ky  are  constants  depending  on  the  surface  and 

on  a  decomposition  of  the  surface. 

For  any  function  ■£  C  such  that  /p  ds  ■  o,  we 

n  i'  n 

denote  by  the  corresponding  solution  such  that  f  <P  ds  »o. 

n  S  n 

Suppose  there  exists  no  constant  C  Buch  that 


max  |Vt<p(x)|  ,<:  C  max|p(x)| 
x  6  S  c 

holds;  then  there  exists  a  sequence  of  functions  £pn ^  with 

o  6C  and  /  )  ds  ■  o  for  which  lim|p  (x)|  ■  o  and  such 
' n  S  n  n*®  n 

that  the  sequence  of  functions  'i  satisfying 

max  |V.  (p  |  ■  1.  The  sequence  |<P  1  Is  therefore  uniformly 
x  6  S  ^  n  l  nJ 

bounded  and  equicontinuous;  consequently,  it  contains  a  sub¬ 
sequence  converging  uniformly  to  a  function  'Yr  ;  this  function 
will  be  a  solution  to  (A.l)  with  p  »  o.  [See  Morrey 


(1956)  p. 4 5 ] •  But  we  have  proved  in  Theorem  2  of  Chapter  III 
that  ~fr  m  0  on  S.  This  means  that  a  subsequence  of  ^pn  | 
[also  denoted  by  converges  uniformly  to  zero.  Con¬ 

sequently,  for  n  >  Nq,  we  have  £  >  | ^  (x) |  and 
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£l  >  |.3n(x)|  for  all  x£S.  Therefore,  [see  (A. 22)] 

1  -  max  \V  0(x)  |  $  Kg  max  |p  (x)  |  +  K?  max  |  <?  (x)  | 
x£  S  °  n  °  xg  S  n  '  x£  S  n 

cannot  hold  for  n  >  NQ.  This  contradiction  proves  the 

inequality  of  the  Theorem. 


* 
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Appendix  II 

We  want  to  show  In  this  Appendix  that  2  and  it  as 
given  in  (4.4a)- (4.4c)  satisfy  Maxwell's  equations  (MiSller 
p.21l)  for  points  not  on  S.  We  have 

t  -  jflp  /[icy*  it  -  it'  xV{+j  pV$]  dsy  V  -  Vy  (B.l) 

s 

it  .  1  it'  +  it  x  V$  +  £  p'  Vf]  ds  (B.2) 

n  W  S  P  y  ; 

where 

*  *  \  f  •  -  \  K 

t^cp  -  vt  -it  -  i op  ,  '  -  vt  -it'  -  i op'. 

In  the  above  formulas  the  variable  point  i3  denoted  by  r 
or  r,  and  the  integration  variable  is  denoted  by  y  or  y. 
We  take  the  curl  of  E  to  get 

vr  x  ^  *  w  ^  iPcoV r  x  (^(y)i(r^y))d8y  -  Vr  x  (Vr  x  / 

s  s 

^ (y)f(r,y)dsy)  .  (B.5) 

The  last  term  of  (B.l)  has  no  curl  since  it  is  the  gradient 
of  some  function.  Using  V  x  (V  x  v)  -  v(V*v)  -  Av,  and 
noting  that 

Ar*(r,y)  -  -k  £(r  ,y)  for  r^fcy, 

we  may  write  (B.?)  as  follows: 

▼r  x  2  -  £(i^£  £'(y)$(r,y)  +  it(y)  x  VyJ(r,y))dsy 

-  Vr(7r-/s  it'(y)|(r,y)dsy) .  (B.4) 
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Using  Theorem  3  of  Chapter  I,  we  see  that 

▼r,/s^/(y)f(r.y)dsy  -  /  it^y) -VjKr^yJdSy  -  -/  it/-Vty5(r,y)dsy 

s  s 

"  Vty’$  dsy  +  ^  f(r'y)vty‘^/^y^dsy  " 

s  s 

icof  p'( y)£(r,y)dsy  # 

s 

Hence  we  get 

Vr(Vr-/  ^  J  dsy)  -  -ICO/  V  f  dsy  (  B.5) 

s  s 

Substituting  (B.5)  into  (B.4)  we  get 

Vr  *$  «  /  [iw£ft'(y)f(r,y)  +  £(y)  x  V|(r,y)  + 

s 

i  p'vf(r,y)]  dsy  -  ldy(  it  f 

Similarly  we  can  prove 

Vxit  +  icjd-S-o 
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